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Abstract
Recently, the spinor helicity formalism and on-shell superspace were developed for
six-dimensional gauge theories with (1,1) supersymmetry. We combine these two
techniques with (generalised) unitarity, which is a powerful technique to calculate
scattering amplitudes in any massless theory. As an application we calculate one-
loop superamplitudes with four and five external particles in the (1,1) theory and
perform several consistency checks on our results.
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1 Introduction
There are several reasons why it is interesting to consider scattering amplitudes in six-
dimensional theories. Firstly, there is a powerful spinor helicity formalism, introduced
in [1] and further discussed in [2] for arbitrary dimensions, which allows one to express
scattering amplitudes in a rather compact form. An important difference with respect
to the four-dimensional world is that physical states are no longer labeled by their
helicity, but carry indices of the little group SU(2)× SU(2) of a massless particle. As
a consequence, states in a particular little group representation can be rotated into
each other, and hence, at a fixed number of external legs, all scattering amplitudes
for different external states are collected into a single object, transforming covariantly
under the little group. In [1], an expression for the three-point gluon amplitude in
Yang-Mills theory was obtained, and used to derive tree-level four- and five-point
amplitudes using on-shell recursion relations [3, 4].
Particularly interesting are the maximally supersymmetric theories in six dimen-
sions, with (1,1) and (2,0) supersymmetry, which arise as the low-energy effective
field theories on fivebranes in string/M-theory and upon compactification on a two-
torus reduce to N = 4 super Yang-Mills (SYM) in four dimensions. The scattering
superamplitudes in the (1,1) theory have been studied in [5] (see also [6]), using su-
persymmetric on-shell recursion relations [7, 8]. In particular, the three-, four- and
five-point superamplitudes at tree-level have been derived, as well as the the one-
loop four-point superamplitude, using the unitarity-based approach of [9, 10]. Some
generalisations to (2,0) theories in six dimensions have been considered in [6].
Six-dimensional tree-level amplitudes take a rather compact form, which can be fed
into unitarity [9,10] and generalised unitarity cuts [11,12] to generate loop amplitudes.
Originally the unitarity methods and their generalisations were formulated in four
dimensions but they apply in principle in any number of dimensions, which is also
often exploited in calculations of QCD amplitudes in dimensional regularisation (see
e.g. [13–16]). First applications of unitarity to one-loop four-point amplitudes in
six-dimensional (1,1) theories appeared in [5] and more recently in six-dimensional
Yang-Mills in [17], where also higher-loop four-point amplitudes in the (1,1) theory
were computed.
Gauge theories in more than four dimensions are usually non-renormalisable, but
at least for the maximally supersymmetric examples their known embedding into
string theory as low-energy theories living on D-branes or M-branes guarantees the
existence of a UV completion. In particular, it is known that the (1,1) supersymmetric
gauge theory in six dimensions is finite up to two loops [18]. Furthermore, infrared
divergences are absent in more than four dimensions, and hence all amplitudes in
the (1,1) theory are expected to be finite up to two-loop order and can be calculated
1
without regularisation.
An additional motivation to study higher-dimensional theories stems from the
fact that QCD amplitudes in dimensional regularisation naturally give rise to integral
functions in higher dimensions, in particular D = 6 and D = 8 [13,14]. These integrals
are related to finite, rational terms or terms that vanish in the four-dimensional limit.
Furthermore, there exists a mysterious dimension shift relation between MHV one-
loop amplitudes in the maximally supersymmetric gauge theory in eight dimension
(with four-dimensional external momenta) and the finite same-helicity one-loop gluon
amplitude in pure Yang-Mills in four dimensions [19].
In this paper, we calculate four- and five-point superamplitudes in the maximally
supersymmetric (1,1) theory using two-particle as well as quadruple cuts at one loop.
In particular, we show that the five-point superamplitude can be expressed in terms
of just a linear pentagon integral in six dimensions, which can be further reduced
in terms of scalar pentagon and box functions. Because of the non-chiral nature of
the (1,1) on-shell superspace, this superamplitude contains all possible component
amplitudes with five particles, in contradistinction with the four-dimensional case
where one has to distinguish MHV and anti-MHV helicity configurations.
The rest of this paper is organised as follows. In Section 2, we review the spinor
helicity formalism in six dimensions, and the on-shell (1,1) superspace, which is used
to describe superamplitudes in the (1,1) theory. In Section 3 we collect the expressions
for the simplest tree-level amplitudes. These are used in Section 4 and 5 for our
calculations of one-loop amplitudes using (generalised) unitarity. In Section 4 we
illustrate the method by rederiving the four-point superamplitude using two-particle
cuts as well as quadruple cuts. Next, in Section 5 we present in detail the derivation
of the five-point superamplitude in the (1,1) theory from quadruple cuts. Finally, we
perform several consistency checks of our result using dimensional reduction to four
dimensions in order to compare with the corresponding amplitudes in N = 4 SYM.
We also test some of the soft limits.
2 Background
We begin this section by briefly reviewing the six-dimensional spinor helicity formal-
ism developed in [1], which is required to present Yang-Mills scattering amplitudes
in a compact form. We then discuss the on-shell (1,1) superspace description of
amplitudes in maximally supersymmetric Yang-Mills which was introduced in [5].
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2.1 Spinor helicity formalism in six dimensions
The key observation for a compact formulation of amplitudes in six-dimensional gauge
and gravity theories is that, similarly to four dimensions, null momenta in six dimen-
sions can be conveniently presented in a spinor helicity formalism, introduced in [1].
Firstly, one rewrites vectors of the Lorentz group SO(1, 5) as antisymmetric SU(4)
matrices
pAB := pµσ˜ABµ , (2.1)
using the appropriate Clebsch-Gordan symbols σ˜ABµ , where A,B = 1, . . . , 4 are fun-
damental indices of SU(4). One can similarly introduce1
pAB :=
1
2
ABCDp
CD := pµσµ,AB , (2.2)
with σµ,AB := (1/2)ABCDσ˜
CD
µ . When p
2 = 0, it is natural to recast pAB and pAB as
the product of two spinors as [1]
pAB = λAaλBa , (2.3)
pAB = λ˜
a˙
Aλ˜Ba˙ .
Here a = 1, 2 and a˙ = 1, 2 are indices of the little group2 SO(4) ' SU(2) × SU(2),
which are contracted with the usual invariant tensors ab and a˙b˙. The expression for
p given in (2.3) automatically ensures that p is a null vector, since
p2 = −1
8
ABCDλ
A
a λ
B
b λ
C
c λ
D
d 
abcd = 0 . (2.4)
The dot product of two null vectors pi and pj can also be conveniently written using
spinors as
pi · pj = −1
4
pABi pj;AB . (2.5)
Lorentz invariant contractions of two spinors are expressed as
〈ia|ja˙] := λAi,aλ˜j,Aa˙ = λ˜j,Aa˙λAi,a =: [ja˙|ia〉 . (2.6)
Further Lorentz-invariant combinations can be constructed from four spinors using
the SU(4) invariant  tensor, as
〈1a 2b 3c 4d〉 := ABCDλA1,aλB2,bλC3,cλD4,d , (2.7)
[1a˙ 2b˙ 3c˙ 4d˙] := 
ABCDλ˜1,Aa˙λ˜2,Bb˙λ˜3,Cc˙λ˜4,Dd˙ .
1Our notation and conventions are outlined in Appendix A.
2Or SL(2,C)× SL(2,C), if we complexify spacetime.
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This notation may be used to express compactly strings of six-dimensional momenta
contracted with Dirac matrices, such as
〈ia|pˆ1pˆ2 . . . pˆ2n+1|jb〉 := λA1i,a p1,A1A2 pA2A32 . . . p2n+1,A2n+1A2n+2 λA2n+2j,b , (2.8)
〈ia|pˆ1pˆ2 . . . pˆ2n|ja˙] := λA1i,a p1,A1A2 pA2A32 . . . pA2nA2n+12n λ˜j,A2n+1b˙ .
Having discussed momenta, we now consider polarisation states of particles. In four
dimensions, these are associated to the notion of helicity. In six dimensions, physical
states, and hence their wavefunctions, transform according to representations of the
little group, and therefore carry SU(2) × SU(2) indices [1]. In particular, for gluons
of momentum p defined as in (2.3) one has
ABaa˙ := λ
[A
a η
B]
b 〈ηb|λ˜a˙]−1 , (2.9)
or alternatively
aa˙;AB := 〈λa|η˜b˙]−1η˜b˙[Aλ˜a˙B] . (2.10)
Here, η and η˜ are reference spinors, and the denominator is defined to be the inverse
of the matrices 〈qb|pa˙] and 〈pa|qb˙], respectively.3
It is amusing to make contact between six-dimensional spinors and momentum
twistors [21], employed recently to describe amplitudes in four-dimensional confor-
mal theories. There, one describes a point in (conformally compactified) Minkowski
space as a six-dimensional null vector X, i.e. one satisfying ηijX
iXj = 0, with
η = diag(+ − −−; +−). The conformal group SO(2, 4) acts linearly on the X vari-
ables, and plays the role of the Lorentz group SO(1, 5) acting on our six-dimensional
momenta p. Furthermore, in contradistinction with the null six-dimensional mo-
menta, the coordinate X are defined only up to nonvanishing rescalings. For (cycli-
cally ordered) four-dimensional region momenta xi, one defines the corresponding six-
dimensional null Xi as Xi = λi∧λi+1 , Xj = λj∧λj+1, and Xi ·Xj = 〈i i+1 j j+1〉.
2.2 (1,1) on-shell superspace
We will now review the on-shell superspace description of (1, 1) theories introduced
in [5]. This construction is inspired by the covariant on-shell superspace formalism
for four-dimensional N = 4 SYM introduced by Nair in [20]. In the latter case, the
N = 4 algebra can be represented on shell as
{qAα , q˜Bα˙} = δABλαλ˜α˙ , (2.11)
3The reference spinors are chosen such that the matrices 〈qb|pa˙] and 〈pa|qb˙] are nonsingular.
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where A,B are SU(4) R-symmetry indices and α, α˙ are the usual SU(2) spinor indices
in four dimensions. The supercharge q can be decomposed along two independent
directions λ and µ as
qAα = λαq
A
(1) + µαq
A
(2) , (2.12)
where 〈λµ〉 6= 0. A similar decomposition is performed for q˜. One can then easily
see that the charges q(2) and q˜(2) anticommute among themselves and with the other
generators, and can therefore be set to zero. The supersymmetry algebra becomes
{qA(1), q˜(1)B} = δAB . (2.13)
Setting qA(1) = q
A and q˜(1)B = q˜B, the Clifford algebra can be naturally realised in
terms of Grassmann variables ηA, as
qA = ηA , q˜A =
∂
∂ηA
. (2.14)
Note that this representation of the algebra is chiral. One could have chosen an
anti-chiral representation, where the roles of q and q˜ in (2.14) are interchanged.
One can apply similar ideas to the case of the N = (1, 1) superspace of the six-
dimensional SYM theory. However, for this on-shell space the chiral and anti-chiral
components do not decouple. To see this we start with the algebra
{qAI , qBJ} = pABIJ , (2.15)
{q˜AI′ , q˜BJ ′} = pABI′J ′ ,
where A,B are the SU(4) Lorentz index and I, J and I ′, J ′ are indices of the R-
symmetry group SU(2)× SU(2). As before, we decompose the supercharges as
qAI = λAaqI(1)a + µ
AaqI(2)a , (2.16)
q˜BI′ = λ˜
b˙
B q˜(1)b˙I′ + µ˜
b˙
B q˜(2)b˙I′ ,
with det(λAaµ˜a˙A) 6= 0 and det(µAaλ˜a˙A) 6= 0. Multiplying the supercharges in (2.16) by
λ˜Aa˙ and λ
B
b , respectively, and summing over the SU(4) indices, one finds that
{qI(2)a, qJ(2)b} = 0 , (2.17)
{q˜(2)a˙I′ , q˜(2)b˙J ′} = 0 .
One can thus set all the q(2) and q˜(2) charges equal to zero, so that q
AI = λAaqI(1)a.
The supersymmetry algebra then yields,
{qI(1)a, qJ(1)b} = abIJ ,
{q˜(1)I′a˙, q˜(1)J ′b˙} = a˙b˙I′J ′ . (2.18)
5
η
φ(1) ψ(1) φ(2)
ψ˜(1) A ψ˜(2)
φ(3) ψ(2) φ(4)
η˜
Figure 1: The component fields of the (1,1) superfield given in (2.21).
The realisation of (2.18) in terms of anticommuting Grassmann variables is
qAI = λAaηIa , q˜AI′ = λ˜
a˙
Aη˜I′a˙ . (2.19)
In contrast to the four-dimensional N = 4 SYM theory, the N = (1, 1) on-shell
superspace in six dimensions carries chiral and anti-chiral components. The field
strength of the six-dimensional SYM theory transforms under the little group SU(2)×
SU(2) and therefore carries both indices a and a˙. Hence, one needs both ηa and η˜a˙ to
describe all helicity states in this theory.
In order to describe only the physical components of the full six-dimensional SYM
theory, one needs to truncate half of the superspace charges in (2.19) [5]. This is per-
formed by contracting the R-symmetry indices with fixed two-component (harmonic)
vectors, which effectively reduce the number of supercharges by a factor of two. The
resulting truncated supersymmetry generators are then [5]
qA = λAaηa , q˜A = λ˜
a˙
Aη˜a˙ . (2.20)
Using this on-shell superspace, one can neatly package all states of the theory into a
six-dimensional analogue of Nair’s superfield [20],
Φ(p; η, η˜) = φ(1) + ψ(1)a η
a + ψ˜
(1)
a˙ η˜
a˙ + φ(2)ηaηa + Aaa˙η
aη˜a˙ + φ(3)η˜a˙η˜a˙ (2.21)
+ ψ(2)a η
aη˜a˙η˜a˙ + ψ˜
(2)
a˙ η˜
a˙ηaηa + φ
(4)ηaηaη˜
a˙η˜a˙ .
Here φ(i)(p), i = 1, . . . , 4 are four scalar fields, ψ(l)(p) and ψ˜(l)(p), l = 1, 2 are fermion
fields and finally Aaa˙(p) contains the gluons. Upon reduction to four dimensions, Aaa˙
provides, in addition to gluons of positive and negative (four-dimensional) helicity,
the two remaining scalar fields needed to obtain the matter content of N = 4 super
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Yang-Mills.4 A pictorial representation of the states in the (1,1) supermultiplet is
given in Figure 1.
3 Tree-level amplitudes and their properties
3.1 Three-point amplitude
The smallest amplitude one encounters is the three-point amplitude. In four dimen-
sions, and for real kinematics, three-point amplitudes vanish because pi · pj = 0 for
any of the three particles’ momenta, but are non-vanishing upon spacetime complexi-
fication [3,4]. In the six-dimensional spinor helicity formalism, the special three-point
kinematics induces the constraint det〈ia|ja˙] = 0, i, j = 1, 2, 3. This allows one to write
(see Appendix A)
〈ia|jb˙] = (−)Pijuiau˜jb˙ , (3.1)
where we choose (−)Pij = +1 for (i, j) = (1, 2), (2, 3), (3, 1) and −1 for (i, j) =
(2, 1), (3, 2), (1, 3). One can also introduce the spinors wa and w˜a˙ [1], defined as the
inverse of ua and u˜a˙,
uawb − ubwa := ab ⇔ uawa := −uawa := 1 . (3.2)
As stressed in [1] the wi spinors are not uniquely specified. Momentum conservation
suggests a further constraint that may imposed in order to reduce this redundancy.
This is used in various calculations throughout the present work. Specifically, for a
generic three-point amplitude it is assumed that
|w1 · 1〉+ |w2 · 2〉+ |w3 · 3〉 = 0 . (3.3)
One may then express the three-point tree-level amplitude for six-dimensional Yang-
Mills theory as [1]
A3;0(1aa˙, 2bb˙, 3cc˙) = iΓabcΓ˜a˙b˙c˙ , (3.4)
where the tensors Γ and Γ˜ are given by
Γabc = u1au2bw3c + u1aw2bu3c + w1au2bu3c, (3.5)
Γ˜a˙b˙c˙ = u˜1a˙u˜2b˙w˜3c˙ + u˜1a˙w˜2b˙u˜3c˙ + w˜1a˙u˜2b˙u˜3c˙ .
As recently shown in [5], this result can be combined with the N = (1, 1) on-shell su-
perspace in six dimensions. The corresponding three-point tree-level superamplitude
takes the simple form [5]
A3;0(1aa˙, 2bb˙, 3cc˙) = i δ(Q
A)δ(Q˜A)δ(Q
B)δ(Q˜B)δ(W )δ(W˜ ) . (3.6)
4More details on reduction to four dimensions are provided in Section 5.5.
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Here we have introduced the N = (1, 1) supercharges for the external states,
QA :=
n∑
i=1
qAi =
n∑
i=1
λAai ηia , Q˜A :=
n∑
i=1
q˜iA =
n∑
i=1
λ˜a˙iAη˜ia˙ (3.7)
(with n = 3 in the three-point amplitude we are considering in this section). The
quantities W, W˜ appear only in the special three-point kinematics case, and are given
by
W :=
3∑
i=1
wai ηia , W˜ :=
3∑
i=1
w˜a˙i η˜ia˙ . (3.8)
In Appendix B we give an explicit proof of the (non manifest) invariance of the three-
point superamplitude under supersymmetry transformations, and hence of the fact
that the total supermomentum QA =
∑
i q
A
i is conserved.
3.2 Four-point amplitude
The four-point tree-level amplitude in six dimensions is given by
A4;0(1aa˙, 2bb˙, 3cc˙, 4dd˙) = −
i
st
〈1a2b3c4d〉[1a˙2b˙3c˙4d˙] , (3.9)
and was derived by using a six-dimensional version [1] of the BCFW recursion relations
[3, 4]. The corresponding N = (1, 1) superamplitude is [5]
A4;0(1, . . . , 4) = − i
st
δ4(Q)δ4(Q˜) , (3.10)
where the (1, 1) supercharges are defined in (3.7). In (3.10) we follow [5] and introduce
the fermionic δ-functions which enforce supermomentum conservation as
δ4(Q)δ4(Q˜) =
1
4!
ABCDδ(Q
A)δ(QB)δ(QC)δ(QD)
× 1
4!
A
′B′C′D′δ(Q˜A′)δ(Q˜B′)δ(Q˜C′)δ(Q˜D′)
:= δ8(Q) . (3.11)
Hence, a δ4(Q) sets QA = 0 whereas the δ4(Q˜) sets Q˜A = 0.
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3.3 Five-point amplitude
The five-point tree-level amplitude was derived in [1] using recursion relations, and is
equal to5
A5;0(1aa˙, 2bb˙, 3cc˙, 4dd˙, 5ee˙) =
i
s12s23s34s45s51
(Aaa˙bb˙cc˙dd˙ee˙ +Daa˙bb˙cc˙dd˙ee˙) (3.12)
where the two tensors A and D are given by
Aaa˙bb˙cc˙dd˙ee˙ = 〈1a|pˆ2pˆ3pˆ4pˆ5|1a˙]〈2b3c4d5e〉[2b˙3c˙4d˙5e˙] + cyclic permutations , (3.13)
and
2Daa˙bb˙cc˙dd˙ee˙ = 〈1a|(2 · ∆˜2)b˙]〈2b3c4d5e〉[1a˙3c˙4d˙5e˙] + 〈3c|(4 · ∆˜4)d˙]〈1a2b4d5e〉[1a˙2b˙3c˙5e˙]
+ 〈4d|(5 · ∆˜5)e˙]〈1a2b3c4d〉[1a˙2b˙3c˙4d˙]− 〈3c|(5 · ∆˜5)e˙]〈1a2b4d5e〉[1a˙2b˙3c˙4d˙]
− [1a˙|(2 ·∆2)b〉〈1a3c4d5e〉[2b˙3c˙4d˙5e˙]− [3c˙|(4 ·∆4)d〉〈1a2b3c5e〉[1a˙2b˙4d˙5e˙]
− [4d˙|(5 ·∆5)e〉〈1a2b3c4d〉[1a˙2b˙3c˙5e˙] + [3c˙|(5 ·∆5)e〉〈1a2b3c4d〉[1a˙2b˙4d˙5e˙] .
(3.14)
Here, the spinor matrices ∆ and ∆˜ are defined by
∆1 = 〈1|pˆ2pˆ3pˆ4 − pˆ4pˆ3pˆ2|1〉, ∆˜1 = [1|pˆ2pˆ3pˆ4 − pˆ4pˆ3pˆ2|1] , (3.15)
where the other quantities ∆i, ∆˜i are generated by taking cyclic permutation on
(3.15). The contraction between a ∆i and the corresponding spinor λ
Aa
i is given by
〈1a|(2 · ∆˜2)b˙] = λA1aλ˜a˙
′
2A[2a˙′|pˆ3pˆ4pˆ5 − pˆ5pˆ4pˆ3|2b˙].
The five-point superamplitude in the N = (1, 1) on-shell superspace can also be
calculated in a recursive fashion. It takes the form [5]
A5;0 = i
δ4(Q)δ4(Q˜)
s12s23s34s45s51
[
(3.16)
+
3
10
qA1
[
(pˆ2pˆ3pˆ4pˆ5)− (pˆ2pˆ5pˆ4pˆ3)
]B
A
q˜2B +
3
10
q˜1A
[
(pˆ2pˆ3pˆ4pˆ5)− (pˆ2pˆ5pˆ4pˆ3)
]A
B
qB2
+
1
10
qA3
[
(pˆ5pˆ1pˆ2pˆ3)− (pˆ5pˆ3pˆ2pˆ1)
]B
A
q˜5B +
1
10
q˜3A
[
(pˆ5pˆ1pˆ2pˆ3)− (pˆ5pˆ3pˆ2pˆ1)
]A
B
qB5
+ qA1 (pˆ2pˆ3pˆ4pˆ5)
B
A q˜1B + cyclic permutations
]
,
where the supercharges Q and Q˜ are defined in (3.7).
5 In Appendix E the five-point amplitude (3.12) is reduced to four dimensions and found to be
in agreement with the expected Parke-Taylor expression.
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l2
l1
1
2
3
4
Figure 2: Double cut in the s-channel. The two internal cut-propagators, carrying
momenta l1 and l2 set the two four-point subamplitudes on-shell. We identify l1 = l
and l2 = l + p1 + p2.
4 One-loop four-point amplitude
In this section we calculate the four-point one-loop amplitude using two-particle and
four-particle cuts. As expected, we find that the one-loop amplitude is proportional
to the four-point tree-level superamplitude times the corresponding integral function.
4.1 The superamplitude from two-particle cuts
As a warm-up exercise, we start by rederiving the one-loop four-point superamplitude
in six dimensions using two-particle cuts. This calculation was first sketched in [5].
Here, we will perform it in some detail while setting up our notations. We will then
show how to reproduce this result using quadruple cuts.
We begin by considering the one-loop amplitude with external momenta p1, . . . , p4,
and perform a unitarity cut in the s-channel, see Figure 2. The s-cut of the one-loop
amplitude is given by6
A4;1
∣∣
s-cut
=
∫
d6l
(2pi)6
δ+(l21)δ
+(l22)
[ 2∏
i=1
∫
d2ηlid
2η˜li A
(L)
4;0 (l1, 1, 2,−l2)A(R)4;0 (l2, 3, 4,−l1)
]
.
(4.1)
Plugging the expression (3.10) of the four-point superamplitude into (4.1), we get the
6See Appendix A for our definitions of fermionic integrals.
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following fermionic integral,
2∏
i=1
∫
d2ηlid
2η˜li
( −i
sLtL
δ4(
∑
L
qi)δ
4(
∑
L
q˜i)
)( −i
sRtR
δ4(
∑
R
qi)δ
4(
∑
R
q˜i)
)
, (4.2)
where the sums are over the external states of the left and right subamplitude in the
cut diagram and the kinematical invariants are given by
tL = (l1 + p1)
2 , tR = (l2 + p3)
2 , (4.3)
and
sL = (p1 + p2)
2 = (p3 + p4)
2 = sR = s . (4.4)
Using supermomentum conservation we can remove the dependence of the loop-
supermomenta on one side of the cut. For instance a δ4(QR) sets q
A
l1
= qAl2 + q
A
3 + q
A
4 ,
which can be used in the remaining δ4(QL) to write
δ4(
∑
L
qi)→ δ4(
∑
ext
qi) ≡ δ4(Qext) ,
δ4(
∑
L
q˜i)→ δ4(
∑
ext
q˜i) ≡ δ4(Q˜ext) . (4.5)
Hence, (4.2) becomes
δ4(Qext)δ
4(Q˜ext)
2∏
i=1
∫
d2ηlid
2η˜liδ
4(
∑
R
qi)δ
4(
∑
R
q˜i) . (4.6)
To perform the integration, we need to pick two powers of ηli and two powers of η˜
a˙
li
.
Expanding the fermionic δ-functions, we find one possible term with the right powers
of Grassmann variables to be
ηl1aηl1bηl2cηl2dη˜l1a˙η˜l1b˙η˜l2c˙η˜l2d˙
[
ABCDλ
Aa
l1
λBbl1 λ
Cc
l2
λDdl2 
EFGH λ˜a˙l1Eλ˜
b˙
l1F
λ˜c˙l2Gλ˜
d˙
l2H
]
. (4.7)
Other combinations can be brought into that form by rearranging and relabeling
indices. Integrating out the Grassmann variables gives(
ABCDλ
Aa
l1
λBl1a λ
Cb
l2
λDl2b
) (
EFGH λ˜a˙l1Eλ˜l1F a˙ λ˜
b˙
l2G
λ˜l2Hb˙
)
. (4.8)
Hence, the two-particle cut reduces to
A4;1
∣∣
s-cut
∝(−1)
∫
d6l
(2pi)6
δ+(l21)δ
+(l22)
[
δ4(Qext)δ
4(Q˜ext)
ABCDl
AB
1 l
CD
2 
EFGH l1EF l2GH
s2(l1 + p1)2(l2 + p3)2
]
.
(4.9)
Next, we use (A.5) to rewrite
ABCD p
AB
l1
pCDl2 
EFGHpl1EFpl2GH = 64 (l1 · l2)2 . (4.10)
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Figure 3: The quadruple cut of a four-point superamplitude. The primed momenta l′i
are defined as l′i := −li.
Thus we obtain, for the one-loop superamplitude,
A4;1
∣∣
s-cut
∝− δ4(Qext)δ4(Q˜ext)
∫
d6l
(2pi)6
δ+(l21)δ
+(l22)
[
64 (l1 · l2)2
s2(l1 + p1)2(l2 + p3)2
]
=− 16 δ4(Qext)δ4(Q˜ext)
∫
d6l
(2pi)6
δ+(l21)δ
+(l22)
[
1
(l1 + p1)2(l2 + p3)2
]
=− 16 istA4;0(1, . . . , 4) I4(s, t)
∣∣
s-cut
, (4.11)
where A4;0(1, . . . , 4) is the tree-level four-point amplitude in (3.10), and
I4(s, t) =
∫
d6l
(2pi)6
[
1
l21l
2
2(l + p1)
2(l − p4)2
]
. (4.12)
The t-channel cut is performed in the same fashion and after inspecting it we conclude
that
A4;1(1, . . . , 4) = stA4;0(1, . . . , 4) I4(s, t) , (4.13)
in agreement with the result of [5].
4.2 The superamplitude from quadruple cuts
We now move on to studying the quadruple cut of the one-loop four-point superam-
plitude, depicted in Figure 3. The loop momenta are defined as
l1 = l, l2 = l + p1, l3 = l + p1 + p2, l4 = l − p4 , (4.14)
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and all primed momenta l′i in Figure 3 are understood to flow in opposite direction
to the li’s.
Four three-point tree-level superamplitudes enter the quadruple cut expression.
Uplifting the cut by replacing cut with uncut propagators, we obtain, for the one-
loop superamplitude,
A4;1 =
∫
d6l
(2pi)6
[ 4∏
i=1
∫
d2ηlid
2η˜li
1
l21
A3;0(l1, 1, l
′
2)
1
l22
A3;0(l2, 2, l
′
3)
× 1
l23
A3;0(l3, 3, l
′
4)
1
l24
A3;0(l4, 4, l
′
1)
]
. (4.15)
In the following we will discuss two different but equivalent approaches to evaluate
the Grassmann integrals in (4.15).
4.2.1 Quadruple cut as reduced two-particle cuts
To begin with, we proceed in way similar to the case of a double cut. The idea is
to integrate over two of the internal momenta, say l1 and l3 first, and treat l2 and
l4 as fixed, i.e. external lines. In doing so the quadruple cut splits into two four-
point tree-level superamplitudes, having the same structure as in case of the BCFW
construction for the four-point trevel-level superamplitude [5].
Let us start by focusing on the ‘lower’ part of the diagram first. Here we have
two three-point superamplitudes connected by an internal (cut) propagator carrying
momentum l1. Treating l
′
2 and l4 as external momenta (they are on-shell due to the
cut) we can follow the procedure of a four-point BCFW construction. This involves
rewriting fermionic δ-functions of both three-point amplitudes and integrating over
d2ηl1d
2η˜l1 , leading to the result
δ4(q1 + ql′2 + ql4 + q4)δ
4(q˜1 + q˜l′2 + q˜l4 + q˜4) w
a
l1
wl′1a w˜
a˙
l1
w˜l′1a˙ . (4.16)
Note that the δ-functions are ensuring supermomentum conservation of the ‘external
momenta’ and that we do not have an internal propagator with momentum l1 as in the
recursive construction. Here, we get this propagator from uplifting the cut-expression
for the one-loop amplitude. Furthermore, note that we do not have to shift any legs in
order to use the BCFW prescription since the internal propagator is already on-shell
due to the cut.
We may now perform the Grassmann integration over ηl1 and η˜l1 in (4.16). Since
the w-spinors are contracted we can simply use the spinor identity
wal1wl′1aw˜
a˙
l1
w˜l′1a˙ = −s−1l4l′2 = −s
−1
14 , (4.17)
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which is a direct generalisation of the corresponding result from the BCFW construc-
tion (see also appendix C).
We can now turn to the ‘upper’ half of the cut-diagram. Following the description
we derived above we get in a similar fashion after integrating over ηl3 and η˜l3
δ4(ql2 + q2 + q3 + ql′4)δ
4(q˜l2 + q˜2 + q˜3 + q˜l′4)w
a
l′3
wl3aw˜
a˙
l′3
w˜l3a˙ . (4.18)
We also have
wal1wl′1aw˜
a˙
l1
w˜l′1a˙ = −s−1l2l′4 = −s
−1
23 . (4.19)
Uplifting the quadruple cut, we get
A4;1 =
∫
d6l
(2pi)6
∫
d2ηl2d
2η˜l2d
2ηl4d
2η˜l4
[
1
l21l
2
2l
2
3l
2
4
1
s14s23
× δ4(q1 + ql′2 + ql4 + q4)δ4(q˜1 + q˜l′2 + q˜l4 + q˜4)
× δ4(ql2 + q2 + q3 + ql′4)δ4(q˜l2 + q˜2 + q˜3 + q˜l′4)
]
. (4.20)
Since l′i = −li we can use the constraints given by the δ4(qi) to eliminate the de-
pendence of the remaining loop momenta in one of the sets of fermionic δ-functions
and write it as a sum over external momenta only. The same argument holds for the
Grassmann functions δ4(q˜i), and we find
A4;1 =
∫
d6l
(2pi)6
∫
d2ηl2d
2η˜l2d
2ηl4d
2η˜l4
[
δ4(Qext)δ
4(Q˜ext)
1
l21l
2
2l
2
3l
2
4
1
s14s24
× δ4(ql2 + q2 + q3 − ql4)δ4(q˜l2 + q˜2 + q˜3 − q˜l4)
]
, (4.21)
where as before the QAext and Q˜A ext are the sums of all external supermomenta in η and
η˜ respectively. The remaining integrations over ηl2 and ηl4 and their η˜-counterparts
yield just as in the case of the two-particle cut
ABCD l2
ABl4
CD EFGHpl2EFpl4GH = 64 (l2 · l4)2 . (4.22)
The product of the two loop momenta cancels with the factor
s14s23 = 2(p1 · p4)2(p2 · p3) = 4(l′2 · l4)(l2 · l′4) = (−1)24(l2 · l4)2. (4.23)
so that our final result for the quadruple cut of the four-point superamplitude is
A4;1 ∝ istA4;0(1, . . . , 4)
∫
d6l
(2pi)6
[
16
l2(l + p1)2(l + p1 + p2)2(l − p4)2
]
. (4.24)
Hence we have shown that the quadruple cut gives the same structure as the two-
particle cut discussed in Section 4.1.
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4.2.2 Quadruple cut by Grassmann decomposition
In this section we will calculate the quadruple cut of the one-loop four-point super-
amplitude in an alternate fashion. Whereas in the last section we used the structure
of the cut-expression to simplify the fermionic integrations, here we will explicitly
perform the integrals by using constraints given by the δ-functions.
To perform the Grassmann integrations we work directly at the level of the three-
point superamplitudes. The quadruple cut results in the following four on-shell tree-
level amplitudes (see Figure 3)
A3(l1, 1, l
′
2), A3(l2, 2, l
′
3), A3(l3, 3, l
′
4), A3(l4, 4, l
′
1) . (4.25)
Each of the three-point superamplitudes has the usual form [5]
A3,i = i
[
δ(QAi )δ(Q˜iA)
]2
δ(Wi)δ(W˜i) , (4.26)
where i = 1, . . . , 4 labels the corners. The arguments of the δ-functions are
QAi = q
A
li
+ qAi + q
A
l′i+1
, Wi = w
a
li
ηlia + w
a
i ηia + w
a
l′i+1
ηl′i+1a , (4.27)
with the identification l5 ≡ l1. Similar expressions hold for for Q˜iA and W˜i. Note
that since l′i = −li we find it convenient to define spinors with primed momenta l′i as
λAl′i = iλ
A
li
, λ˜l′iA = λ˜liA , ηl′i = iηli , η˜l′i = iη˜li , (4.28)
which we will frequently use in the following manipulations.
We can use supermomentum conservation at each corner to reduce the number of
δ-functions depending on the loop variables ηli and η˜li . There is a choice involved and
we choose to remove the dependence of η`i (η˜`i) from one copy of each [δ(Q
A
i )δ(Q˜iA)]
2.
This yields for the Grassmann integrations
δ4(Qext )δ
4(Q˜ext )
∫ 4∏
i=1
d2ηlid
2η˜li
[
δ(QAi )δ(Q˜iA)δ(Wi)δ(W˜i)
]
. (4.29)
We can simplify the calculation by noticing that we have to integrate over 16 powers
of Grassmann variables (8 powers of η and η˜ each) while at the same time we have
16 δ-functions in total. Therefore, when expanding the fermionic functions, each of
them must contribute a power of Grassmann variables we are going to integrate over.
Unless this is so, the result is zero. In other words, we can only pick the terms in the
δ-functions that contribute an ηli or η˜li . This simplifies the structure considerably as
we can drop all terms depending on external variables.
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Equation (4.29) now becomes
δ4(Qext )δ
4(Q˜ext )
∫ 4∏
i=1
d2ηlid
2η˜li
[
δ(qAli − qAli+1) δ(q˜liA − q˜li+1A) (4.30)
× δ(waliηlia + iwal′i+1ηli+1a)δ(w˜
a˙
li
η˜lia˙ + iw˜
a˙
l′i+1
η˜li+1a˙)
]
.
Notice that the w-spinors wal′i+1
are not identical to wali+1 .
Since the δ-functions only depend on the ηli and η˜li , we find convenient to decom-
pose the integration variables as
ηali = u
a
li
η
‖
li
+ waliη
⊥
li
, η˜a˙li = u˜
a˙
li
η˜
‖
li
+ w˜a˙li η˜
⊥
li
, (4.31)
which implies
wliaη
a
li
= η
‖
li
, ualiηlia = η
⊥
li
. (4.32)
Hence, we can rewrite the arguments of the δ-functions in the w-spinors as
iwal′i+1ηli+1a = iw
a
l′i+1
(
uli+1aη
‖
li+1
+ wli+1aη
⊥
li+1
)
=
i√−si,i+1u
a
li+1
wli+1aη
⊥
li+1
=
i√−si,i+1η
⊥
li+1
, (4.33)
and similarly we have iw˜a˙l′i+1
η˜li+1a˙ =
i√
−si,i+1
η˜⊥li+1 . Notice that we have used the fact
that the w′li+1 can be normalised such that they are proportional to the uli+1 if the
momenta fulfill the condition l′i+1 = −li+1. We give some more detail on such relations
in Appendix C.2.
Using this, the δ-functions in the w-spinors become
δ
(− η‖li + i√−si,i+1η⊥li+1)δ(− η˜‖li + i√−si,i+1 η˜⊥li+1) . (4.34)
Next we proceed by integrating first over the η
‖
li
variables. This sets
η
‖
li
=
−i√−si,i+1η
⊥
li+1
, (4.35)
with similar expressions for the η˜
‖
li
. We then plug this into the remaining δ-functions
of (4.30). First we notice that
δ
(
λAali ηlia + λ
Aa
l′i+1
ηl′i+1a
)
δ
(
λ˜Aa˙li η˜lia˙ + λ˜
Aa˙
l′i+1
η˜l′i+1a˙
)
=〈lai |l′a˙i+1]ηliaη˜l′i+1a˙ + 〈l′
a
i+1|la˙i ]ηl′i+1aη˜lia˙ = −ualiu˜a˙l′i+1ηliaη˜l′i+1a˙ + u
a
l′i+1
u˜a˙liηl′i+1aη˜lia˙ . (4.36)
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The decomposition of the Grassmann spinors then yields
ual′i+1ηl
′
i+1a
= i
√−si,i+1wali+1uli+1aη‖li+1 = −i√−si,i+1 η‖li+1 (4.37)
and
u˜a˙l′i+1 η˜l
′
i+1a˙
= −i√−si,i+1 η˜‖li+1 . (4.38)
The remaining Grassmann integrations give∫ 4∏
i=1
dη⊥li dη˜
⊥
li
[
δ
(
λAali ηlia + λ
Aa
l′i+1
ηl′i+1a
)
δ
(
λ˜Aa˙li η˜lia˙ + λ˜
Aa˙
l′i+1
η˜l′i+1a˙
)]
=
∫ 4∏
i=1
dη⊥li dη˜
⊥
li
[
i
√−si,i+1 η⊥li η˜‖li+1 − i√−si,i+1 η‖li+1 η˜⊥li ]
=
∫ 4∏
i=1
dη⊥li dη˜
⊥
li
[
η⊥li η˜
⊥
li+2
− η⊥li+2 η˜⊥li
]
, (4.39)
where we have used the solutions for η
‖
li
and η˜
‖
li
following (4.35). The integration is
now straightforward, since the integrand is simply given by(
η⊥l1 η˜
⊥
l3
− η⊥l3 η˜⊥l1
)(
η⊥l2 η˜
⊥
l4
− η⊥l4 η˜⊥l2
)(
η⊥l3 η˜
⊥
l1
− η⊥l1 η˜⊥l3
)(
η⊥l4 η˜
⊥
l2
− η⊥l2 η˜⊥l4
)
= 4η⊥l1 η˜
⊥
l3
η⊥l2 η˜
⊥
l4
η⊥l3 η˜
⊥
l1
η⊥l4 η˜
⊥
l2
. (4.40)
This yields
A4;1 ∝ −4istA4;0(1, . . . , 4)
∫
d6l
(2pi)6
[
1
l2(l + p1)2(l + p1 + p2)2(l − p4)2
]
, (4.41)
recovering the expected result of [5] from two-particle cuts.
5 One-loop five-point superamplitude
We now move on to the one-loop five-point superamplitude and calculate its quadruple
cuts. These cuts will reveal the presence of a linear pentagon integral, which we will
reduce using standard Passarino-Veltman (PV) techniques to a scalar pentagon plus
scalar box integrals. Note that we are considering here one-loop amplitudes in the
maximally supersymmetric theory in six dimensions which are free of IR and UV
divergences. Therefore, bubbles and triangles which would be UV divergent in six
dimensions must be absent.
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Figure 4: A specific quadruple cut of a five-point superamplitude. We choose to cut
the legs such that we have the massive corner for momenta p3, p4.
5.1 Quadruple cuts
The quadruple cut we consider has the structure
A5;1
∣∣
(3,4)-cut
=
∫
d6l
(2pi)6
δ+(l21) δ
+(l22) δ
+(l23) δ
+(l24) (5.1)
A3(l1, p1,−l2)A3(l2, p2,−l3)A4(l3, p3, p4,−l4)A3(l4, p5,−l1) ,
where the subscript (3, 4) indicates where the massive corner is located, see Figure 4.
In the following we will discuss this specific cut and all other cuts can be treated in
an identical way.
From the three three-point superamplitudes and the four-point superamplitude,
we have the following fermionic δ-functions,[
δ(QA1 )δ(Q˜1A)
]2
δ(W1)δ(W˜1)
[
δ(QB2 )δ(Q˜2B)
]2
δ(W2)δ(W˜2)
× δ4(QC3 )δ4(Q˜3C)
[
δ(QD4 )δ(Q˜4D)
]2
δ(W4)δ(W˜4) , (5.2)
where the QAi and the Wi are defined as sums over the supermomenta and products
of w- and η-spinors respectively at a given corner (including internal legs). We may
now use the supermomentum constraints QAi = 0 at all four corners and rewrite the
δ4(Q3)δ
4(Q˜3) as a total δ
8 in the external momenta only,
δ4(Q3) = δ
4(Q3 +Q1 +Q2 +Q4) = δ
4(Qext). (5.3)
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One is then left with the Grassmann integrations∫ 4∏
i=1
d2ηlid
2η˜li
{[
δ(qAl1 + q
A
1 − qAl2)δ(q˜l1A + q˜1A − q˜l2A)
]2
δ(wal1ηl1a + w
a
1η1a + iw
a
l′2
ηl2a)δ(w˜
a˙
l1
η˜l1a˙ + w˜
a˙
1 η˜1a˙ + iw˜
a˙
l′2
η˜l2a˙)[
δ(qBl2 + q
B
2 − qBl3 )δ(q˜l2B + q˜2B − q˜l3B)
]2
δ(wbl2ηl2b + w
b
2η2b + iw
b
l′3
ηl3b)δ(w˜
b˙
l2
η˜l2b˙ + w˜
b˙
2η˜2b˙ + iw˜
b˙
l′3
η˜l3b˙)[
δ(qDl4 + q
D
5 − qDl1 )δ(q˜l4D + q˜5D − q˜l1D)
]2
δ(wcl4ηl4c + w
c
5η5c + iw
c
l′1
ηl1c)δ(w˜
c˙
l4
η˜l4c˙ + w˜
c˙
5η˜5c˙ + iw˜
c˙
l′1
η˜l1c˙)
}
. (5.4)
Unfortunately, a decomposition as used for the quadruple cut of the four-point one-
loop superamplitude is not immediately useful here. However, we notice that, due
to the particular dependence of the δ-functions on the loop momenta li, by removing
a total δ8 from the integrand one can restrict the dependence on the Grassmann
variables ηl3 and ηl4 to six δ-functions each for this specific cut. This allows us
to narrow the possible combinations of coefficients for, say, two powers of ηl4a and
two powers of η˜l4a˙. For example, two powers of ηl4a can either come both from
δ(QA4 )δ(Q
B
4 ) or one from δ(Q
A
4 ) and one from
7 δ(W4), and both possibilities needs to
be appropriately contracted with the possible combinations from δ(Q˜4A)δ(Q˜4B)δ(W˜4).
If we choose both powers of ηl4a from δ(Q
A
4 )δ(Q
B
4 ) we have a coefficient
λAal4 ηl4aλ
Bb
l4
ηl4b , (5.5)
which will be contracted at least by a λ˜a˙l4A or λ˜
a˙
l4B
coming from the possible combi-
nations for η˜l4a˙. Since λ
A
iaλ˜iAa˙ = 0 these terms vanish.
In conclusion, the only non-vanishing combination is
λAal4 ηl4aδ(q˜5A − q˜l1A)δ(qB5 − qBl1 )λ˜a˙l4B η˜l4a˙wbl4ηl4bw˜b˙l4 η˜l4b˙ . (5.6)
The same argument holds for the expansion of the δ-functions depending on ηl3a and
η˜l3a˙. Here, we only have to deal with additional signs and factors of i. We get for the
expansion
(−1)λAal3 ηl3aδ(q˜l2A + q˜2A)δ(qBl2 + qB2 )(−1)λ˜a˙l3B η˜l3a˙iwbl′3ηl3biw˜
b˙
l′3
η˜l3b˙ . (5.7)
7 This is similar to the recursive calculation of the five-point tree-level superamplitude in six
dimensions, see also [5].
19
This leads us to the structure∫ 4∏
i=1
d2ηlid
2η˜li
{[
δ(qAl1 + q
A
1 − qAl2)δ(q˜l1A + q˜1A − q˜l2A)
]2
δ(wal1ηl1a + w
a
1η1a + iw
a
l′2
ηl2a)δ(w˜
a˙
l1
η˜l1a˙ + w˜
a˙
1 η˜1a˙ + iw˜
a˙
l′2
η˜l2a˙)
λCcl3 ηl3cδ(q˜l2C + q˜2C)δ(q
D
l2
+ qD2 )λ˜
c˙
l3D
η˜l3c˙(i)
2wcl′3ηl3cw˜
c˙
l′3
η˜l3c˙
λEdl4 ηl4dδ(q˜5E − q˜l1E)δ(qF5 − qFl1)λ˜d˙l4F η˜l4d˙wdl4ηl4dw˜d˙l4 η˜l4d˙
}
. (5.8)
Notice that we have not expanded the six δ-functions of the first corner yet, therefore
we still have supermomentum conservation QA1 = 0, Q˜
A
1 = 0. We can use this
constraint to remove the dependence on ηl2a in the third line of the above integrand,
using qAl2 = q
A
l1
+ qA1 . Our fermionic integral then becomes∫ 4∏
i=1
d2ηlid
2η˜li
{[
δ(qAl1 + q
A
1 − qAl2)δ(q˜l1A + q˜1A − q˜l2A)
]2
δ(wal1ηl1a + w
a
1η1a + iw
a
l′2
ηl2a)δ(w˜
a˙
l1
η˜l1a˙ + w˜
a˙
1 η˜1a˙ + iw˜
a˙
l′2
η˜l2a˙)
(i)2ηl3cη˜l3c˙ηl3c′ η˜l3c˙′λ
Cc
l3
λ˜c˙l3Dw
c′
l′3
w˜c˙
′
l′3
δ(q˜l1C + q˜1C + q˜2C)δ(q
D
l1
+ qD1 + q
D
2 )
ηl4dη˜l4d˙ηl4d′ η˜l4d˙′λ
Ed
l4
λ˜d˙l4Fw
d′
l4
w˜d˙
′
l4
δ(q˜5E − q˜l1E)δ(qF5 − qFl1)
}
. (5.9)
We immediately see that, just as before, only the first six δ-functions depend on ηl2a
and η˜l2a˙ so we can expand straight away (noticing that we get another factor of (i)
2
from this expansion)∫ 4∏
i=1
d2ηlid
2η˜li
{
(i)2ηl2bη˜l2b˙ηl2b′ η˜l2b˙′λ
Ab
l2
λ˜b˙l2Bw
b′
l′2
w˜b˙
′
l′2
δ(q˜l1A + q˜1A)δ(q
B
l1
+ qB1 )
(i)2ηl3cη˜l3c˙ηl3c′ η˜l3c˙′λ
Cc
l3
λ˜c˙l3Dw
c′
l′3
w˜c˙
′
l′3
δ(q˜l1C + q˜1C + q˜2C)δ(q
D
l1
+ qD1 + q
D
2 )
ηl4dη˜l4d˙ηl4d′ η˜l4d˙′λ
Ed
l4
λ˜d˙l4Fw
d′
l4
w˜d˙
′
l4
δ(q˜5E − q˜l1E)δ(qF5 − qFl1)
}
. (5.10)
One notes that, by expanding the fermionic δ-functions, the dependence on the Grass-
mann parameters ηl1a and η˜l1a˙ has reduced to
δ(q˜l1A+ q˜1A)δ(q
B
l1
+qB1 )δ(q˜l1C+ q˜1C+ q˜2C)δ(q
D
l1
+qD1 +q
D
2 )δ(q˜5E− q˜l1E)δ(qF5 −qFl1) (5.11)
only. Expanding this further gives the sought-after coefficient of ηl1aηl1bη˜l1a˙η˜l1b˙. The
result (in an appropriate order of the Grassmann spinors) of the expansion of the six
δ-functions in (5.11) is then given by
η˜l1a˙η˜l1b˙
(
− η˜1c˙λ˜a˙l1Aλ˜c˙1C λ˜b˙l1E − η˜2c˙λ˜a˙l1Aλ˜c˙2C λ˜b˙l1E − η˜5c˙λ˜a˙l1Aλ˜b˙l1C λ˜c˙5E + η˜1c˙λ˜c˙1Aλ˜a˙l1C λ˜b˙l1E
)
× ηl1aηl1b
(
η5cλ
Ba
l1
λDbl1 λ
Fc
5 + η1cλ
Ba
l1
λDc1 λ
Fb
l1
+ η2cλ
Ba
l1
λDc2 λ
Fb
l1
− η1cλBc1 λDal1 λFbl1
)
. (5.12)
20
Having extracted the right powers of the Grassmann variables from all fermionic δ-
functions, we can now integrate over the ηli and η˜li . The integration is straightforward
and yields,(
η˜1c˙[1
c˙|l3〉 · wl′3 wl′2 · 〈l2|lˆ1|l4〉 · wl4 − η˜1c˙[1c˙|l2〉 · wl′2 wl′3 · 〈l3|lˆ1|l4〉 · wl4
+ η˜2c˙[2
c˙|l3〉 · wl′3 wl′2 · 〈l2|lˆ1|l4〉 · wl4 + η˜5c˙[5c˙|l4〉 · wl4 wl′2 · 〈l2|lˆ1|l3〉 · wl′3
)
×
(
η1c〈1c|l3] · w˜l′3 w˜l′2 · [l2|lˆ1|l4] · w˜l4 − η1c〈1c|l2] · w˜l′2 w˜l′3 · [l3|lˆ1|l4] · w˜l4
+ η2c〈2c|l3] · w˜l′3 w˜l′2 · [l2|lˆ1|l4] · w˜l4 + η5c〈5c|l4] · w˜l4 w˜l′2 · [l2|lˆ1|l3] · w˜l′3
)
. (5.13)
Here we introduced the notation that wli · 〈li| := wali〈li,a|, and the lˆi are slashed
momenta, with e.g.
wl′2 · 〈l2|lˆ1|l3〉 · wl′3 = wal′2λ
A
l2,a
l1,ABλ
B
l3,b
wbl′3 . (5.14)
Next, one rewrites the spinor expressions in (5.13) in terms of six-dimensional mo-
menta, thereby removing any dependence on u- and w-spinors. An important observa-
tion to do so is the fact that the expressions depending on η˜1 and/or η1 antisymmetrise
among themselves8. The result of these manipulations is
η˜1c˙η1c
1
s12
[1c˙|pˆ2lˆ1pˆ5pˆ2|1c〉 − η˜1c˙η2c 1
s12
[1c˙|pˆ2pˆ5lˆ1pˆ1|2c〉+ η˜2c˙η1c 1
s12
[2c˙|pˆ1lˆ1pˆ5pˆ2|1c〉
+η˜1c˙η5c[1
c˙|pˆ2lˆ1|5c〉 − η˜5c˙η1c[5c˙|lˆ1pˆ2|1c〉+ η˜2c˙η2c 1
s12
[2c˙|pˆ1lˆ1pˆ5pˆ1|2c〉
+η˜5c˙η5c
1
s15
[5c˙|pˆ1lˆ1pˆ2pˆ1|5c〉+ η˜5c˙η2c[5c˙|lˆ1pˆ1|2c〉 − η˜2c˙η5c[2c˙|pˆ1lˆ1|5c〉 . (5.15)
5.2 Final result (before PV reduction)
Including all appropriate prefactors, our result for the five-point one-loop superam-
plitude is expressed in terms of a single integral function, namely a linear pentagon
integral. Explicitly,
A5;1 = Cµ Iµ5,l1 , (5.16)
where
Iµ5,l1(1, . . . , 5) :=
∫
dDl
(2pi)D
lµ1
l21l
2
2l
2
3(p3 + l3)
2l25
, (5.17)
8We give more details on these manipulations in Appendix C.2.
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Figure 5: A generic pentagon loop integral.
is the linear pentagon, and the coefficient Cµ is given by
Cµ = 1
s34
{
η˜1c˙η1c
1
s12
[1c˙|pˆ2σˆµpˆ5pˆ2|1c〉 − η˜1c˙η2c 1
s12
[1c˙|pˆ2pˆ5σˆµpˆ1|2c〉+ η˜2c˙η1c 1
s12
[2c˙|pˆ1σˆµpˆ5pˆ2|1c〉
+ η˜1c˙η5c[1
c˙|pˆ2σˆµ|5c〉 − η˜5c˙η1c[5c˙|σˆµpˆ2|1c〉+ η˜2c˙η2c 1
s12
[2c˙|pˆ1σˆµpˆ5pˆ1|2c〉
+ η˜5c˙η5c
1
s15
[5c˙|pˆ1σˆµpˆ2pˆ1|5c〉+ η˜5c˙η2c[5c˙|σˆµpˆ1|2c〉 − η˜2c˙η5c[2c˙|σˆµlˆ1|5c〉
}
. (5.18)
The factor of 1/s34 and the additional propagator in the pentagon appearing in (5.16),
are due to the prefactor of the four-point tree-level superamplitude entering the cut.
We now proceed and summarise the result of the PV reduction of (5.17) in the next
section.
5.3 Final result (after PV reduction)
The PV reduction of (5.17) allows us to re-express a linear pentagon in terms of
a scalar pentagon and scalar box functions. Using this, we re-express the one-loop
five-point superamplitude as
A5;1 = C(5)I5(1, . . . , 5) +
5∑
i=1
C(4,i)I4,i(1, . . . , 5) , (5.19)
22
where we introduced the scalar integral functions I5 for the pentagon and I4,i for the
boxes. Here, the index i in I4,i labels the first leg of the massive corner for a clockwise
ordering of the external states.
Explicitly, the coefficients for the specific cut we discussed in the previous section
are given by
C(5)/(4,3) = η˜1c˙η1c 1
s12
(
s12[1
c˙|pˆ5pˆ2|1c〉A(5)/(4,3) + [1c˙|pˆ2pˆ3pˆ5pˆ2|1c〉C(5)/(4,3)
)
+ η˜2c˙η2c
1
s12
(
s12[2
c˙|pˆ5pˆ1|2c〉B(5)/(4,3) + [2c˙|pˆ1pˆ3pˆ5pˆ1|2c〉C(5)/(4,3)
)
+ η˜5c˙η5c
1
s15
(
[5c˙|pˆ1pˆ3pˆ2pˆ1|5c〉C(5)/(4,3) + s15[5c˙|pˆ2pˆ1|5c〉D(5)/(4,3)
)
− η˜1c˙η2c 1
s12
(
s12[1
c˙|pˆ2pˆ5|2c〉B(5)/(4,3) + [1c˙|pˆ2pˆ5pˆ3pˆ1|2c〉C(5)/(4,3)
)
+ η˜2c˙η1c
1
s12
(
s12[2
c˙|pˆ5pˆ2|1c〉B(5)/(4,3) + [2c˙|pˆ1pˆ3pˆ5pˆ2|1c〉C(5)/(4,3)
)
+ η˜1c˙η5c
(
[1c˙|pˆ2pˆ1|5c〉A(5)/(4,3) + [1c˙|pˆ2pˆ3|5c〉C(5)/(4,3)
)
− η˜5c˙η1c
(
[5c˙|pˆ1pˆ2|1c〉A(5)/(4,3) + [5c˙|pˆ3pˆ2|1c〉C(5)/(4,3)
)
+ η˜5c˙η2c
(
[5c˙|pˆ2pˆ1|2c〉B(5)/(4,3) + [5c˙|pˆ3pˆ1|2c〉C(5)/(4,3)
)
− η˜2c˙η5c
(
[2c˙|pˆ1pˆ2|5c〉B(5)/(4,3) + [2c˙|pˆ1pˆ3|5c〉C(5)/(4,3)
)
. (5.20)
Here, the variables A(5)/(4,3), B(5)/(4,3), C(5)/(4,3) and D(5)/(4,3) are the coefficients from
the PV reduction of the scalar pentagon I5 or box function I4,3 respectively. For the
scalar pentagon, we have
A(5) = ∆−1(s15s13s23s25 + s15s25s223 − s13s23s225 − s213s225 + 2s12s13s25s35
+ s12s23s35s15 + s12s23s25s35 − s212s235)
B(5) = ∆−1s15(s12s23s35 + s13s23s25 − s12s13s35 − s13s23s15 + s213s25 − s15s223)
C(5) = ∆−1s12s15(s12s35 − s15s23 − s13s25 − 2s23s25)
D(5) = ∆−1s12s23(s15s23 + s13s25 − s12s35 + 2s15s13) (5.21)
whereas for the coefficients of the box integral I4,3 we find
A(4,3) = ∆−1s25(s13s25 − s15s23 − s12s35)
B(4,3) = ∆−1s15(s15s23 − s13s25 − s12s35)
C(4,3) = ∆−12s12s15s25
D(4,3) = ∆−1s12(s12s35 − s15s23 − s13s25) . (5.22)
23
Here, ∆ is the Gram determinant, and is explicitly given by
∆ = s215s
2
23 + (s13s25 − s12s35)2 − 2s15s23(s13s25 + s12s35) . (5.23)
Notice that for the final expression for the amplitude we have to collect the five
box integrals I4,i with their respective coefficients which can be obtained by cyclic
permutation of the states (1, . . . , 5). Furthermore, we have to include one copy of
the pentagon integral with its coefficient. The pentagon coefficient does not possess
manifest cyclic symmetry, and each of the five quadruple cuts produces a different
looking expression. However, our tests provided below confirm that the pentagon
coefficients have the expected cyclic symmetry.
5.4 Gluon component amplitude
In this section we extract from the one-loop five-point superamplitude its component
where all external particles are six-dimensional gluons. This is useful since, dimen-
sionally reducing this component amplitude to four dimensions, one can access the
gluon MHV and anti-MHV amplitudes of N = 4 SYM.
In order to extract this component we have to integrate one power of ηi and η˜i for
each external state, here denoted by 1aa˙, 2bb˙, 3cc˙, 4dd˙, and 5ee˙. Doing this, one arrives
at
A5;1
∣∣
(3,4)-cut
∝
∫
d6l
(2pi)6
1
s34
δ+(l21)δ
+(l22)δ
+(l23)δ
+(l25)
1
(p3 + l3)2
(5.24)
×
{
1
s12
[1a˙|pˆ2lˆ1pˆ5pˆ2|1a〉〈2b3c4d5e〉[2b˙3c˙4d˙5e˙] +
1
s12
[2b˙|pˆ1lˆ1pˆ5pˆ1|2b〉〈1a3c4d5e〉[1a˙3c˙4d˙5e˙]
+
1
s15
[5e˙|pˆ1lˆ1pˆ2pˆ1|5e〉〈1a2b3c4d〉[1a˙2b˙3c˙4d˙]
− 1
s12
[2b˙|pˆ1lˆ1pˆ5pˆ2|1a〉〈2b3c4d5e〉[1a˙3c˙4d˙5e˙] +
1
s12
[1a˙|pˆ2pˆ5lˆ1pˆ1|2b〉〈1a3c4d5e〉[2b˙3c˙4d˙5e˙]
−[1a˙|pˆ2lˆ1|5e〉〈1a2b3c4d〉[2b˙3c˙4d˙5e˙] + [5e˙|lˆ1pˆ2|1a〉〈2b3c4d5e〉[1a˙2b˙3c˙4d˙]
−[5e˙|lˆ1pˆ1|2b〉〈1a3c4d5e〉[1a˙2b˙3c˙4d˙] + [2b˙|pˆ1lˆ1|5e〉〈1a2b3c4d〉[1a˙3c˙4d˙5e˙]
}
,
where li, i = 1, . . . , 5 are the five propagators in Figure 5. In the next section we
perform the reduction to four dimension of (5.24), which will give us important checks
on our result.
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5.5 4D limit of the one-loop five-point amplitude
An important series of nontrivial consistency checks on our six-dimensional five-point
amplitude at one loop can be obtained by performing its reduction to four dimen-
sions, and comparing it to the expected form of the one-loop (MHV or anti-MHV)
amplitude(s) directly calculated in four-dimensional N = 4 SYM theory.
In order to perform the reduction to four dimensions of various six-dimensional
quantities, one can employ the results of [2] (see also [5]). There, it was found that the
solutions to the Dirac equation with the external momenta living in a four-dimensional
subspace, i.e. p = (p0, p1, p2, p3, 0, 0), can be written as
λAa =
(
0 λα
λ˜α˙ 0
)
, λ˜Aa˙ =
(
0 λα
−λ˜α˙ 0
)
, (5.25)
where λα and λ˜α˙ are the usual four-dimensional spinor variables. Hence, the Lorentz
invariant, little group covariant quantities 〈ia|ja˙], [ia˙|ja〉 become
〈ia|ja˙] =
(
[ij] 0
0 −〈ij〉
)
, [ia˙|ja〉 =
( −[ij] 0
0 〈ij〉
)
. (5.26)
Here, we follow the standard convention of writing the four-dimensional spinor con-
tractions as λαi λjα = 〈ij〉 and λ˜iα˙λ˜α˙j = [ij].
The four-dimensional helicity group is a U(1) subgroup of the six-dimensional little
group which preserves the structure of (5.25) and (5.26). In order to determine the
(four-dimensional) helicity of a certain state in (2.21), a practical way to proceed is as
follows. Each appearance of a dotted or undotted index equal to 1 (2) contributes an
amount of +1/2 (−1/2) to the total four-dimensional helicity. As an example, con-
sider the term Aaa˙ in (2.21). States with (a, a˙) = (1, 1) correspond, upon reduction,
to gluons with positive helicity and states with (a, a˙) = (2, 2) to gluons of negative
helicity.
In the four-dimensional limit, the six-dimensional spinor brackets become9 [5]
− 〈i+|j+] = [ij] = [i+|j+〉 , 〈i−|j−] = 〈ij〉 = −[i−|j−〉 , (5.27)
〈i−j−k+l+〉 = −〈ij〉[kl] , [i−j−k+l+] = −〈ij〉[kl] ,
〈i−j+k−l+〉 = +〈ik〉[jl] , [i−j+k−l+] = +〈ik〉[jl] .
In the following we will use these identifications to check the four-dimensional limits
of (5.24) for all MHV helicity assignments of the external gluons. As expected, we
9Note that the our labeling of positive and negative helicities in four dimensions is opposite that
in [5].
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will always obtain the expected N = 4 SYM result, i.e. the appropriate Parke-Taylor
MHV prefactor multiplied by a four-dimensional one-loop box function.
To begin with, we recall that upon four-dimensional reduction, a six-dimensional
scalar pentagon reduces to five different box functions (plus terms vanishing in four
dimensions) [24–26], and hence contributes to the coefficients of the relevant box
functions. Schematically,
C(5)I5 + C(4,3)I4,3 4D−→
[
C(5) P
(4,3)
2s12s23s34s45s51
+ C(4,3)
]
I4,3 (5.28)
where
P (4,3) = s12s51(s12s23 − s12s51 − s23s34 − s34s45 + s45s51) , (5.29)
when going to four dimensions. Hence, upon dimensional reduction the coefficients
of the PV reduction become
A→− s12s15 − s15s45 + s34s45
2s23s34s45
, (5.30)
B →− s15s12 − s15s45
2s23s34s45
,
C →− s12s15
2s23s34s45
,
D →− s12
2s34s45
.
Let us now discuss specific helicity assignments. We start by considering the config-
uration (1−, 2−, 3+, 4+, 5+). In this case, after PV reduction only the third term in
(5.24) is non-vanishing. Hence, we have to consider the four-dimensional limit of
1
s34s15
([5e˙|pˆ1pˆ3pˆ2pˆ1|5e〉C + [5e˙|pˆ1pˆ5pˆ2pˆ1|5e〉D) 〈1a2b3c4d〉[1a˙2b˙3c˙4d˙] . (5.31)
Upon dimensional reduction, the resulting contribution is
s15s12
2
〈12〉3
〈23〉〈34〉〈45〉〈51〉 . (5.32)
Given the relation between the scalar box functions F4 and the corresponding box
integrals, I4 = 2F/(s12s15), it is immediate to see that the kinematic factors in (5.32)
cancel and the final result is the anticipated one:
〈12〉4
〈12〉〈23〉〈34〉〈45〉〈51〉 . (5.33)
The fact that the form of the one-loop five-point amplitude upon reduction to four
dimensions is precisely the well-known result is an expected, though highly non-trivial,
outcome.
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As mentioned above, we have performed checks for all external helicity configu-
rations, finding in all cases agreement with the expected four-dimensional result. We
would like to highlight a particularly stringent test, namely that corresponding to the
helicity configuration (1+, 2+, 3−, 4−, 5+), where all terms in (5.24) contribute to the
four-dimensional reduction.
A final comment is in order here. It is known that collinear and soft limits put
important constraints on tree-level and loop amplitudes in any gauge theory and in
gravity. In six dimensions, the lack of infrared divergences makes loop level factori-
sation trivial, similarly to what happens to four-dimensional gravity because of its
improved infrared behaviour compared to four-dimensional Yang-Mills theory ampli-
tudes. Therefore, the factorisation properties we derive below from tree-level ampli-
tudes will apply unmodified to one-loop amplitudes.
We now consider again the five-point amplitude (3.12) derived in [1], and take the
soft limit where p1 → 0. A short calculation shows that
A
(0)
5;aa˙... → Saa˙(5, 1, 2)A(0)4;... , (5.34)
where we find, for the six-dimensional soft function,
Saa˙(i, s, j) =
〈sa|pˆj pˆi|sa˙]
sisssj
. (5.35)
In (5.34) the dots stand for the little group indices of the remaining particles in the
amplitude. Using the results in this section, it is also immediate to check that (5.35)
reduces, in the four-dimensional limit, to the expected soft functions of [27]. As a
final test on our five-point amplitude we have checked that the soft limits where legs
1, 2 or 5 become soft are all correct.
This provides an exhaustive set of checks of our result for the six-dimensional
five-point superamplitude.
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A Notation and conventions
In this appendix we collect some details on our normalisations and conventions.
The total antisymmetric SU(2)-invariant tensors are given by
ab =
(
0 −1
1 0
)
, ab =
(
0 1
−1 0
)
. (A.1)
The Grassmann integration measure is defined as d2η = (1/2)dηadηa = dη2dη1, such
that ∫
d2η
[
λAaηa λ
Bbηb
]
= − (λAaλBa ) . (A.2)
The Clebsch-Gordan symbols are normalised as
σ˜ABµ :=
1
2
ABCD σµ,CD , (A.3)
with
Tr(σµσ˜ν) = 4 ηµν . (A.4)
Using these relations, the scalar product of two vectors p and q can equivalently be
expressed as
p · q = −1
4
pABqAB = −1
8
ABCDp
ABqCD , (A.5)
where pAB := pµσ˜ABµ and pAB := p
µσµ,AB.
Momentum conservation for three-point amplitudes implies that pi · pj = 0, i, j =
1, 2, 3. In six dimensions, this condition is equivalent to [1]
det〈i|j]aa˙ = 0 (A.6)
where λAiaλ˜Aja := 〈ia|ja˙] and we used pABi = λAiaλBai and piAB = λ˜a˙iAλ˜iBa˙. Hence, (A.6)
allows to recast the matrix 〈ia|ja˙] as a product of two spinors, as [1]
〈ia|jb˙] = (−)Pijuiau˜jb˙ , (A.7)
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Figure 6: A generic three-point vertex with all momenta defined as incoming.
where we choose (−)Pij = +1 for (i, j) = (1, 2), (2, 3), (3, 1), and −1 for (i, j) =
(2, 1), (3, 2), (1, 3). Hence, for a generic three-point vertex with all momenta defined
to be incoming (see Figure 6) we have a positive sign when rewriting Lorentz con-
tracted spinor combinations in a clockwise ordering.
B Supersymmetry invariance of the three-point su-
peramplitudes
Here we provide an explicit proof of the fact that the three-point superamplitude
(3.6) is supersymmetric. We choose to decompose each variable ηi as
ηai = u
a
i η
‖
i + w
a
i η
⊥
i , (B.1)
which is a convenient choice since uaiwia = 1. We also notice that, using this de-
composition, we can recast the quantities W and W˜ defined in (3.8) entering the
expression of the three-point superamplitude, as
W =
3∑
i=1
η
‖
i , W˜ =
3∑
i=1
η˜
‖
i . (B.2)
The supersymmetry generators can then be written as
QA =
∑
i
λAai uiaη
‖
i +
∑
i
λAai wiaη
⊥
i . (B.3)
A direct consequence of six-dimensional momentum conservation is the fact that
the quantities λAai uia are i-independent, therefore we can rewrite (B.3) in several
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equivalent ways, one of which is
QA = (λAa1 u1a)W + (λ
Aa
1 w1a)(η
⊥
2 − η⊥1 ) + (λAa2 w2a)(η⊥3 − η⊥1 ) , (B.4)
where W is given in (B.2), and the constraint on the w’s (3.3) is used. Using the
decomposition (B.4) it is very easy to prove that QAA3 = 0. To this end, we first
observe that the presence of a factor δ(W )δ(W˜ ) in (3.6) effectively removes the first
term from the expression of (B.4), and we are left to prove that QA⊥ := (λ
Aa
1 w1a)(η
⊥
2 −
η⊥1 ) + (λ
Aa
2 w2a)(η
⊥
3 − η⊥1 ) annihilates the amplitude. Specifically, we will show that
QA⊥
[
δ(QA)δ(Q˜A)
]2
= 0 . (B.5)
To begin with, we observe that
δ(QA)δ(Q˜A) =
3∑
i,j=1
〈ia|ja˙]ηai η˜a˙j =
3∑
i,j=1
(−)Pijuiau˜ja˙(1− δij)ηai η˜a˙j
=
3∑
i,j=1
(−)Pij(1− δij)η⊥i η˜⊥j
= η⊥1 η˜
⊥
2 − η⊥1 η˜⊥3 − η⊥2 η˜⊥1 + η⊥2 η˜⊥3 + η⊥3 η˜⊥1 − η⊥3 η˜⊥2 , (B.6)
where we have used (A.7). Using (B.6), one then finds (we drop the superscript ⊥ in
the following)[
δ(QA)δ(Q˜A)
]2
=− η1η˜2η2η˜1 + η1η˜2η2η˜3 + η1η˜2η3η˜1 + η1η˜3η2η˜1 − η1η˜3η3η˜1 + η1η˜3η3η˜2
− η2η˜1η1η˜2 + η2η˜1η1η˜3 + η2η˜1η3η˜2 + η2η˜3η1η˜2 + η2η˜3η3η˜1 − η2η˜3η3η˜2
+ η3η˜1η1η˜2 − η3η˜1η1η˜3 + η3η˜1η2η˜3 + η3η˜2η1η˜3 + η3η˜2η2η˜1 − η3η˜2η2η˜3 .
(B.7)
Next, we calculate
η1
[
δ(QA)δ(Q˜A)
]2
= 2η1η2η3(η˜1η˜3 − η˜1η˜2 − η˜2η˜3) , (B.8)
and furthermore we find that
η2
[
δ(QA)δ(Q˜A)
]2
= η3
[
δ(QA)δ(Q˜A)
]2
= η1
[
δ(QA)δ(Q˜A)
]2
. (B.9)
Inspecting the form of QA in (B.4) and using (B.9), we conclude that (B.5) holds,
and therefore the three-point superamplitude is invariant under supersymmetry.
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1ˆl′
4
l
2ˆ
3
Figure 7: The recursive construction of a four-point tree-level amplitude. The shifted
legs are 1 and 2 and we have l′ = −l for the internal propagator.
C Useful spinor identities in six dimensions
In this appendix we collect identities between six-dimensional spinor variables that
we have frequently used in the calculations presented in this paper.
We begin by quickly stating two basic relations for three-point spinors ui,a and
wi,a. For a general three-point amplitude in six dimensions we have [1]
uai |ia〉 = ubj|jb〉 , u˜a˙i |ia˙] = u˜b˙j|jb˙] . (C.1)
We also have the constraints (3.3) on the w’s and their w˜ counterparts, which are
essentially a consequence of momentum conservation.
Next, we make use of relations between two three-point amplitudes, connected by
an internal propagator, just as in the BCFW construction of the four-point amplitude.
We give a pictorial representation of this in Figure 7. We have defined the internal
momenta l and l′ to be incoming for the three-point amplitudes, giving the relation
l′ = −l. Since six-dimensional momenta are products of two spinors we can define
|l′i〉 = i|li〉 , |li〉 = (−i)|l′i〉 , (C.2)
and similarly for λ˜-spinors. Also note that we can normalise the spinors ua, wb of one
three-point subamplitudes in Figure 7 such that they are related to the spinors of the
other subamplitude, yielding (see Appendix C.2)
wl′ia =
ulia√−s , wlia = −
ul′ia√−s . (C.3)
Similar expressions hold for the spinors u˜a˙, w˜b˙. In the following we will be discussing
several relations in the cases of the four- and five-point amplitudes.
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C.1 Product of two u-spinors
In the calculation of the five-point cut-expression we encounter u-spinors belonging to
the same external state and would like to remove them from the expression. Consider
the object uiau˜ia˙ with states pi and pj belonging to the same three-point amplitude.
We can write [5]
uiau˜ia˙ = uiau˜ib˙δ
b˙
a˙ = uiau˜ib˙
〈Pb|ib˙]
〈Pb|ia˙]
= uiau˜ib˙〈Pb|ib˙]〈Pb|ia˙]−1 = uiau˜ib˙[ib˙|Pb〉〈P b|ia˙]
1
siP
= uiau˜jb˙[j
b˙|Pb〉〈P b|ia˙] 1
siP
= (−)Pij〈ia|jb˙][j b˙|Pb〉〈P b|ia˙]
1
siP
=
(−)Pij
siP
〈ia|pˆj pˆP |ia˙] , (C.4)
where we have (−)Pij = +1 for clockwise ordering of the states (i, j) for the three-point
amplitude. Also, P is an arbitrary momentum. By the same series of manipulations
we can show that
uiau˜ia˙ = uibu˜ia˙δ
b
a =
(−)Pji
siP
〈ia|pˆP pˆj|ia˙] . (C.5)
Note that the difference between (C.4) and (C.5) is just a sign since (−)Pji = −(−)Pji .
C.2 The relation wl · wl′ w˜l · w˜l′ = −s−1ij
Here we provide an expression for the contraction between w- and w˜-spinors of two
three-point amplitudes, connected by an internal propagator, originally encountered
in the recursive calculation of the four-point tree amplitude in [1].
We start with expression C.4 and choose i = 1, j = 4 and P = 2, following Figure
7. This yields
u1au˜1a˙s1ˆ2ˆ = −〈1ˆa|pˆ4pˆ2ˆ|1ˆa˙] . (C.6)
However, we can also write
〈1ˆa|pˆ4pˆ2ˆ|1ˆa˙] = −u1ˆau˜d˙4[4d˙|2ˆb〉〈2ˆb|1ˆa˙] = −u1ˆau˜d˙l′ [l′d˙|2ˆb〉〈2ˆb|1ˆa˙]
= (−i)u1ˆau˜d˙l′ [ld˙|2ˆb〉〈2ˆb|1ˆa˙] = iu1ˆau˜d˙l′u˜ld˙ub2ˆ〈2ˆb|1ˆa˙]
= iu1ˆau˜
d˙
l′u˜ld˙u
b
l 〈lb|1ˆa˙] = u1ˆau˜d˙l′u˜ld˙ubl 〈l′b|1ˆa˙]
= −u1ˆau˜d˙l′u˜ld˙ublul′bu˜1ˆa˙ = −u1ˆau˜1ˆa˙u˜l′ · u˜l ul · ul′ . (C.7)
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Comparing (C.6) and (C.7) we conclude
u˜l′ · u˜l ul′ · ul = −s12 , (C.8)
since s1ˆ2ˆ = s12. Now we express the contractions of u-spinors in terms of w-spinors.
As discussed in [1] we can deduce from (C.8) that
ul · wl′ = u˜l · w˜l′ = wl · ul′ = w˜l · u˜l′ = 0 , (C.9)
by using the redundancy of the w-spinors under a shift wla → wla + blula. Exploiting
the defining relation between a spinor ul and its inverse wl and multiplying by ul′,a
and wl′,b we have
ual ul′,aw
b
lwl′,b − ublwl′,bwal wl′,a = ul′,awl′,bab . (C.10)
Now, the second term on the RHS vanishes as stated in (C.9). Since ul · ul′ 6= 0, we
have the relation
ul · ul′ wl · wl′ = 1 ⇔ ul · ul′ = 1
wl · wl′ . (C.11)
From this we can deduce that a spinor wla/wl′b is related to the spinor ul′a/ulb,
respectively, and we can choose to normalise as in (C.3)
wl′ia =
ulia√−sij , wlia = −
ul′ia√−sij . (C.12)
C.3 Spinor identities for the one-loop five-point calculation
Here we would like to outline some steps of the calculation which takes us from (5.13)
to (5.15).
The basic idea is to express the result of the Grassmann integration as a sum of
coefficients of factors η˜ic˙ηjc with i, j = 1, 2, 5 for the (3, 4)-cut. It is then a matter
of algebra to rewrite the coefficient of η˜ic˙ηjc in such a way that any dependence on
the three-point quantities wli , wl′i and their counterparts in η˜li is removed. In the
following we provide some explicit terms as examples.
Let us consider one of the terms of the product in (5.15), e.g.
η˜1c˙η1c
{
〈1c|l3] · w˜l′3w˜l′2 · [l2|lˆ1|l4] · w˜l4 − 〈1c|l2] · w˜l′2w˜l′3 · [l3|lˆ1|l4] · w˜l4
}
×
{
[1c˙|l3〉 · wl′3wl′2 · 〈l2|lˆ1|l4〉 · wl4 − [1c˙|l2〉 · wl′2wl′3 · 〈l3|lˆ1|l4〉 · wl4
}
. (C.13)
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Firstly, we realise is that the two factors in the brackets antisymmetrise among them-
selves. This can be seen by applying the normalisation relations for the w-spinors of
the internal lines
[1c˙|l3〉 · wl′3wl′2 · 〈l2|lˆ1|l4〉 · wl4 = [1c˙|l3〉 · wl′3
ual2√−s12 〈l2a|lˆ1|l4〉 · wl4
=
1√−s12u
a
l′3
wbl′3 [1
c˙|l3b〉〈l′3a|lˆ1|l4〉 · wl4 (C.14)
where a similar relation is used for the second term of each bracket factor. Since
ual′3w
b
l′3
− ubl′3w
a
l′3
= ab , (C.15)
we can write (C.13) as
η˜1c˙η1c
( 1√−s12 )2[1c˙|l3b〉ab〈l′3a|lˆ1|l4〉 · wl4 〈1c|l3b˙]a˙b˙[l′3a˙|lˆ1|l4] · w˜l4
= η˜1c˙η1c
i2
−s12 [1
c˙|la3〉〈l3a|lˆ1|l4〉 · wl4 〈1c|la˙3 ][l3a˙|lˆ1|l4] · w˜l4
= η˜1c˙η1c
(−1)
−s12 [1
c˙|lˆ3lˆ1|l4〉 · wl4 〈1c|lˆ3lˆ1|l4] · w˜l4
= η˜1c˙η1c
1
s12
[1c˙|pˆ2lˆ1|l4〉 · wl4 w˜l4 · [l4|lˆ1pˆ2|12〉 , (C.16)
where we have used momentum conservation at the second corner, l3 = l2 + p2 =
l1 + p1 + p2, in the last line.
The next step is to remove the dependence on the w-spinors. The following relation
holds:
lˆ1|l4a〉wal4w˜a˙l4 [l4a˙|lˆ1 = pˆ5|l4a〉wal4w˜a˙l4 [l4a˙|pˆ5 = pˆ5|l′1a〉wal′1(−1)
2w˜a˙l′1 [l
′
1a˙|pˆ5
=
( 1√−s15 )2pˆ5|l′1a〉ual1u˜a˙l1 [l′1a˙|pˆ5 = 1s15 pˆ5|1a〉ua1u˜a˙1[1a˙|pˆ5 . (C.17)
Using the result of (C.4) we arrive at the following string of momenta,
η˜1c˙η1c
1
s12s15s1P
[1c˙|pˆ2pˆ5pˆ1lˆ1Pˆ pˆ1pˆ5pˆ2|1c〉 . (C.18)
Choosing now P = p5, after some rearrangement of the momenta we arrive at
η˜1c˙η1c
1
s12s15
[1c˙|pˆ2pˆ5pˆ1lˆ1pˆ5pˆ2|1c〉 . (C.19)
This expression can be further simplified as follows: Since l1 = p5 + l4 we have
lˆ1pˆ5 = lˆ1(lˆ1 − lˆ4) = −(lˆ4 + pˆ5)lˆ4 = −pˆ5lˆ1 . (C.20)
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Permuting now the string of external momenta the final result for the coefficient
becomes
− η˜1c˙η1c 1
s12
[1c˙|pˆ2pˆ5lˆ1pˆ2|1c〉 = η˜1c˙η1c 1
s12
[1c˙|pˆ2lˆ1pˆ5pˆ2|1c〉 (C.21)
by rearranging the order of pˆ5 and lˆ1 again.
This algebraic procedure can then be similarly repeated to simplify all the other
coefficients in the cut expression (5.13).
D PV reduction of the linear pentagon Iµ5,l1
We have found in Section 5 that the one-loop five-point superamplitude can be ex-
pressed in terms of just a single function, namely a linear pentagon,
Iµ5,l1(1, . . . , 5) :=
∫
dDl
(2pi)D
lµ1
l21l
2
2l
2
3(p3 + l3)
2l25
. (D.1)
This can be decomposed on a basis of four independent momenta, as
Iµ5,l1(1, . . . , 5) = Ap
µ
1 +Bp
µ
2 + Cp
µ
3 +Dp
µ
5 . (D.2)
The choice of the basis vectors is most convenient one due to the kinematical structure
of the cut expression in (5.15). Contracting with the basis momenta yields
2p1 · I5,l1 =
∫
dDl
(2pi)D
2p1 · l1∏5
i=1 l
2
i
= I4,1 − I4,5 != Bs12 + Cs13 +Ds15 ,
2p2 · I5,l1 =
∫
dDl
(2pi)D
2p2 · l1∏5
i=1 l
2
i
= I4,2 − I4,1 − s12I5 != As12 + Cs23 +Ds25 ,
2p3 · I5,l1 =
∫
dDl
(2pi)D
2p3 · l1∏5
i=1 l
2
i
= I4,3 − I4,2 − (s12 + s23)I5 != As13 +Bs23 +Ds35 ,
2p5 · I5,l1 =
∫
dDl
(2pi)D
2p5 · l1∏5
i=1 l
2
i
= I4,4 − I4,4 != As15 +Bs25 + Cs35 . (D.3)
Solving the set of linear equations in (D.3), one obtains the desired coefficients A,B,C
and D, used in Section 5.3.
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E Reduction to four dimensions of six-dimensional
Yang-Mills amplitudes
In this appendix we consider the four-dimensional limit of the four- and five-point
tree-level amplitudes in pure Yang Mills theory, and provide detailed information of
how the calculations of Section 5.5 are carried out.
We begin with the four-point amplitude of [1], given by (3.9), and reduce down
to a four-dimensional amplitude with helicities (1−, 2−, 3+, 4+, 5+). Using (5.27), the
four-dimensional reduction of (3.9) yields
A
(4d)
4 = −
i
st
〈12〉2[34]2 = i 〈12〉
3
〈23〉〈34〉〈41〉 . (E.1)
Next, we consider the five-point amplitude (3.12) and reduce to a four-dimensional
helicity configuration (1+, 2+, 3+, 4−, 5−). For this case, only a few terms in (3.12)
survive. The A-tensor becomes
Aaa˙bb˙cc˙dd˙ee˙ = 〈1a|pˆ2pˆ3pˆ4pˆ5|1a˙]〈2b3c4d5e〉[2b˙3c˙4d˙5e˙]
+〈2b|pˆ3pˆ4pˆ5pˆ1|2b˙]〈3c4d5e1a〉[3c˙4d˙5e˙1a˙]
+〈3c|pˆ4pˆ5pˆ1pˆ2|3c˙]〈4d5e1a2b〉[4d˙5e˙1a˙2b˙] , (E.2)
which in the four-dimensional limit takes the form
Aaa˙bb˙cc˙dd˙ee˙ 4d−→ −[12]〈23〉[34]〈45〉[51]× [23]2〈45〉2
−[23]〈34〉[45]〈51〉[12]× [31]2〈45〉2
−[34]〈45〉[51]〈12〉[23]× [12]2〈45〉2 . (E.3)
For our specific helicity choice, the non-zero parts of the D-tensor are those involving
the Lorentz invariant brackets
〈2b3c4d5e〉[1a˙3c˙4d˙5e˙] , (E.4)
and
[2b˙3c˙4d˙5e˙]〈1a3c4d5e〉 , (E.5)
where both reduce to [23]〈45〉[13]〈45〉 in four dimensions. Each factor multiplies
〈1a(2.∆˜2)b˙] and [1a˙(2.∆2)b〉. The quantities ∆i’s that are of interest here take the
form:
∆2 = 〈2|pˆ3pˆ4pˆ5 − pˆ5pˆ4pˆ3|2〉 , and ∆˜2 = [2|pˆ3pˆ4pˆ5 − pˆ5pˆ4pˆ3|2] . (E.6)
Expanding the expression of the first non-vanishing D-term yields,
〈1a(2.∆˜2)b˙] = 〈1a|2b˙][2b˙|3c〉〈3c|4d˙][4d˙|5e〉〈5e|2b˙]− 〈1a|2b˙][2b˙|5e〉〈5e|4d˙][4d˙|3c〉〈3c|2b˙]
4d−→ [12]〈23〉[34]〈45〉[52]− [12]〈25〉[54]〈43〉[32] . (E.7)
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Using similar manipulations one can reduce the [1a˙(2.∆2)b〉 term. This yields:
2Daa˙bb˙cc˙dd˙ee˙ 4d→ 2 ([12]〈23〉[34]〈45〉[52]− [12]〈25〉[54]〈43〉[32])× [13][23]〈45〉2. (E.8)
Combining (E.3) and (E.8), one finds, after a little algebra, the expected Parke-Taylor
result.
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